The early stages of the approach to equilibrium in closed quantum systems are not well understood: even when systems are far from full thermalization, one expects local thermalization to occur. We characterize this by exploring the evolution of the entanglement spectrum under various quantum circuits. We find universal features in the entanglement spectrum, which capture this distinction between local and global thermalization. The local structure is captured by the adjacent-level statistics, described by the random matrix theory on O(1) timescales independent of subsystem size; the global structure, captured by the density of states of the reduced density matrix, does not resemble random-matrix predictions and instead follows a scale-free 1/f distribution. These features hold for random unitary circuits with and without a conservation law, as well as localized Floquet circuits. We provide a heuristic explanation of our results.
The random-matrix prediction is marked in gray. There are no noticeable finite-size effects; conserved and free-fermion models take slightly longer to saturate than the fully random circuit. (c) Spectral density of the reduced density matrix for L = 16, lA = 8, at times t ≤ 4. A 1/λ distribution (solid line) holds across more than ten decades for t = 4. Inset shows a schematic of the corresponding DOS of the entanglement spectrum at t = lA/2. (d) Evolution of entanglement bandwidth and second Renyi entropy S2, for L = 20, lA = 10; the former grows linearly until t = L/2, then shrinks as 1/(t − t0) (dashed lines); the latter keeps growing linearly.
subsystem of size l A at time t. At early times 2t ≤ l A , the entanglement spectrum acquires a large number of new eigenvalues at each timestep, most of which are at high "entanglement energies" (i.e., small eigenvalues of the RDM). The entangle-ment spectrum becomes very broad in this regime [ Fig. 1(c) ]; equivalently, Schmidt coefficients follow the scale-free probability distribution P (λ) ∼ 1/λ over many decades. (Note that this is different from the Marchenko-Pastur distribution, P (λ) ∼ 1/ √ λ.)When t > l A /2, the RDM is full-rank, and its subsequent dynamics involves the rebalancing of weight among its eigenvalues. The bandwidth of the entanglement spectrum narrows, and saturates at late times to a value ∼ 1/ q l A ; in this regime, the RDM is a Wishart random matrix [24] . The transition between these regimes is sharp; however, it is invisible in the dynamics of the entanglement entropy [ Fig. 1(d) ]. To our knowledge, neither the existence of these regimes nor the transition between them was carefully studied in previous work.
Another strikingly universal feature is the evolution of adjacent-level statistics of the entanglement spectrum (or equivalently the RDM), quantified through the adjacent gap ratio r [25] (defined below). For all the models we have considered, r saturates to its expected random-matrix value on a q-dependent O(1) timescale that is independent of the subsystem and full system sizes, and takes place before even the rank of the RDM has saturated. Thus, the random-matrix behavior of the entanglement "energy levels" is due to local thermalization at the cut, and does not indicate that the subsystem has thermalized. The coexistence of RMT level statistics and a nearly flat entanglement spectrum suggests that the RDM during the early stages of thermalization follows an unusual but universal random matrix ensemble, distinct from Wishart. This ensemble emerges independent of whether the underlying dynamics is chaotic: RMT level statistics occurs in all the circuit models we have considered, including one that is localized [ Fig. 1(b) ].
Models.-We discuss various classes of unitary circuit models. In all these models the time evolution operator can be written in the form U (t) = U (t, t − 1)U (t − 1, t − 2) · · · U (1, 0), where
The types of dynamics we consider involve choosing the U i,i+1 to be (1) periodic or (2) random in time, and picking them out of the following possible sets of random unitaries: (a) Random unitaries, chosen with Haar measure; (b) Conserving random unitaries as in Ref. [10] , which conserve the number of up spins in the Z basis; (c) Free-fermion random unitaries, as in Ref. [26] , consisting purely of partial-swap gates. Case (2c) yields a free-fermion Floquet model, which is Anderson localed [27] ; the other cases thermalize. Unless otherwise specified we take q = 2. In addition, we have considered a Floquet model with a different circuit geometry [17] , which is believed to be many-body localized [17] ; our main results hold for this model as well [28] .
Measured quantities.-The RDM of any subsystem has non-negative real eigenvalues {λ n }. Since very broad distributions are present, it is more helpful to work with the entanglement spectrum, which has eigenvalues {E n } = {− log λ n }. The entanglement density of states is a probability density over these eigenvalues [given by S (E) = D −1 n δ(E − E n ) where D is Hilbert space dimension of subsystem A], and the entanglement bandwidth is the width of this probability distribution [29] . The Renyi entropies are related to moments of the {λ n }:
Note that there are three special limits: as α → 0, S α returns the rank of the RDM; as α → ∞, S α picks out the largest eigenvalue of the RDM; and as α → 1, S α approaches the Von Neumann entanglement entropy. We quantify level statistics via the adjacent gap ratio r [25] ,
where δ m = E m − E m−1 and the E m are arranged in ascending order. We compute the probability distribution of r n , as well as its average over the entire spectrum and over specific windows of the spectrum. The adjacent gap ratio is only sensitive to the level repulsion of neighboring eigenvalues. To quantify "longer-range" level repulsion we study the spectral form factor of the entanglement spectrum [we term this the "entanglement spectral form factor" (ESFF)]. In addition, we also consider the spectral form factor composed of the spectrum of eigenvalues of the RDM ρ A (we denote this ρSFF) [24] . These form factors are characteristic functions of the level distributions of the entanglement spectrum and RDM respectively. The ESFF is expressed as:
where E n are the logarithms of eigenvalues of the RDM. The ρSFF, G(θ), is defined analogously, but with the eigenvalues of the RDM (λ n ) themselves. These quantities are complementary, as the very small eigenvalues of the RDM (i.e., high entanglement energies) dephase at small θ in the ESFF, but dominate large-θ behavior in the ρSFF. Lastly, we also compute the connected ESFF D c (θ) = D(θ) − | n exp(iθE n ) | 2 (and G c (θ) is defined similarly for the ρSFF). These form factors have the advantage of capturing gap correlations beyond nearest neighbor, but the disadvantage of being sensitive to the overall entanglement DOS, which as we have seen are strong [ Fig. 1 (c) ]. Under Hamiltonian dynamics, the ETH implies that at late times the RDM takes the form ρ A = exp(−H A /T ), where T is the temperature set by the global energy density [5] . Thus, the ESFF matches the spectral form factor of the Hamiltonian, up to rescaling. This correspondence does not hold for random unitary dynamics, even when there is a conservation law, since here the conserved quantity is not the generator of the dynamics. Rather, the ESFF acts as a measure of how random the state is, and its late-time structure is what one would predict from a random pure state [24] . We find that both spectral form factors settle down to a time-independent function that is consistent with the shape predicted from random matrix theory, once the entanglement entropy has completely saturated.
Purely random circuits.-We first discuss our results for the purely random case. In this case each gate is picked Haarrandomly and independently at each space and time point. The results are presented in Fig. 1 : the entanglement level statistics rapidly approaches its random-matrix value, while the entanglement entropy grows more slowly. Fig. 2 contrasts the behavior of the ESFF and ρSFF in this model, for L = 20, l A = 8. The ESFF develops a ramp-plateau structure, signaling level repulsion among large Schmidt coefficients; the ρSFF takes longer to develop the analogous structure.
Random circuits with a conservation law.-We now turn to the case with a conserved quantity, which we take to be the zcomponent of the spin. For spin-1/2 degrees of freedom the most general conserving two-spin gate acts as a random phase on the states | ↑↑ and | ↓↓ , and as a random 2 × 2 matrix on the space spanned by | ↑↓ , | ↓↑ . The conserved quantity is N ≡ i σ z i , i.e., the number of ↑ spins. We consider two separate classes of initial product states: (i) random eigenstates of N [i.e., random binary strings] and (ii) random product states, which are superpositions of different N sectors.
For (i) states that are initially random binary strings, many features are different from the random case. For an initial state of fixed N , the Schmidt decomposition is block-diagonal, with each partition of N into N A particles in the sub-interval having N − N A particles in the complement. Therefore, ρ A has no coherence between states of different N A . These blocks do not repel each other, so the global level statistics is Poisson [ Fig. 3(c) ]. Nevertheless, level repulsion persists within each individual block, and manifests itself in the rampplateau structure of the ESFF [ Fig. 3(b) ]. The ESFF is sensitive to level repulsion effects beyond nearest-neighbor levels, and is therefore able to detect intra-block structure, unlike the adjacent gap ratio r. The difference between this case and the purely random circuit is also manifest in the qualitative shape of the entanglement DOS [ Fig. 3(d) ], which is manifestly different from that in random circuits. We have checked that the DOS has this shape even within single particle-number sectors [28] .
For random product states (ii), by contrast, the behavior is qualitatively very similar to that of random circuits, although there are quantitative differences in entanglement growth rates. Again, GUE level statistics emerges on a fixed size-independent timescale when the bond dimension of ρ A is still growing. The entanglement DOS behaves qualitatively as in the random case, although its bandwidth grows even wider for conserving dynamics. One might naively have expected level repulsion in the entanglement spectrum to signal chaos in the underlying dynamics; from this perspective, the irrelevance of the conservation law is unexpected. As we shall now see, this feature persists even in dynamics that is not chaotic at all, but localized. The growth of the entanglement entropy (EE) is shown in Fig. 3(a) . The slope of the EE in the random circuits with S z conservation law is smaller than the random circuits without conservation laws as expected.
Localized models.-We have considered two models that exhibit localized rather than chaotic dynamics, but behave similarly to the models we have treated here [28] . The first is a model of noninteracting fermions, with dynamics consisting of random partial-swap gates [26] . These are a special case of the conserving circuit, for which the phases on | ↑↑ and | ↓↓ are set to be zero. The gates are applied periodically in time, with a period of one timestep. This model describes the Floquet dynamics of one-dimensional free particles with random hopping. We expect the eigenstates to be (critically) Anderson localized [27] , so the dynamics never causes global thermalization. We have confirmed localization or at least very slow dynamics [28] by looking at the incomplete decay of the local autocorrelation function. In the entanglement level statistics, we see the same short-time saturation for this model as for the others [Fig. 1 (b) ]; likewise, the ESFF, for an initial state with a definite particle number, develops a ramp on timescales that are comparable to those in the other models [28] . However, entanglement entropy grows quite slowly, and the bandwidth of the entanglement spectrum stays broad for a long time [28] . A second localized model [17] shows similar behavior [28] . The localized free-fermion model has an unexpected downturn in the late-time behavior of the entanglement level statistics [28] on timescales that are long compared with the subsystem size; we leave a fuller discussion of this behavior to later work. In general the entanglement level statistics of the time-evolved state contrasts with that within single eigenstates [31, 32] in the localized phase. Larger q.-We compare our results with those for q > 2, focusing on purely random circuits ( Fig. 4. ) Surprisingly, the entanglement DOS stays broad for all the q we have considered [ Fig. 4 (a) ]; despite the expectation that this quantity narrows as q → ∞, no clear sign of narrowing can be seen nu-merically. Turning to the gap ratio r we find [ Fig. 4 (b) ] that for q ≥ 3 there is essentially exact GUE statistics in the entanglement spectrum for t ≥ 2. At t = 1 the level statistics becomes close to the GUE value by q = 6. Thus, the time window prior to the onset of GUE statistics is inaccessible in the limit of large q.
Discussion.-Our results can be qualitatively understood [33] by invoking the relation between entanglement and operator spreading [7, [34] [35] [36] , as follows: one can expand the RDM in a basis of strings of Pauli matrices, and study the evolution of these strings in the Heisenberg picture. Strings initially localized on either side of the cut spread out, under time evolution, to more complicated operators that straddle the cut. Under the partial trace, most such operators vanish. While the unitary evolution of strings is rankpreserving, the partial trace "dephases" components of the RDM and thereby increases its rank. Heuristically, operators with a given amplitude, when traced out, generate RDM eigenvalues of that amplitude. This picture captures the entanglement DOS and level statistics. In RUCs, the speed of the strict causal light-cone (v LC = 2) exceeds the butterfly velocity v B at which generic operators spread. Thus, under time evolution, terms that extend beyond the operator front but within the causal light-cone get generated with small amplitude; those closest to the light-cone are generated at time t with amplitude exp{−[t(v LC − v B )] 2 /(Dt)} [7, 8, 37] , where D is the rate at which the front broadens. These exponentially small-amplitude operators generate correspondingly small RDM eigenvalues, leading to entanglement energies that grow linearly in t and thus accounting for the observed linear bandwidth expansion. Once the light-cone hits the edge of the subsystem, but before generic operators traveling at v B have spread out to the edge, only larger RDM eigenvalues are generated and the entanglement bandwidth begins to decrease, presumably saturating once generic operators reach the edge. The entanglement level statistics can be understood in similar terms: operators that contribute nonzero Schmidt coefficients at time t are those that originated within v LC t of the cut, and are thus in causal contact by time t, so it is natural for the corresponding eigenvalues to have RMT statistics [38] .
We note some implications of our results for the growth of Renyi entropies S α for 0 < α 1. This growth has three regimes. Suppose the bandwidth grows at rate R. When Rt 1/α, S α S 0 . When Rt 1/α, only 1/(αRt) of the entanglement levels contribute to S α , so S α S 0 −log(αRt). Finally, after a much longer time has elapsed and the leading edge of the entanglement DOS has passed α, S α develops an α-dependent velocity [18] , which depends on the shape of the "low-energy" edge of the entanglement spectrum (which we have not considered in detail here).
Finally, while this work has discussed random circuits, an important question is how these results carry over to continuous-time chaotic Hamiltonian evolution. In this case, S 0 no longer has a definite speed, and the entanglement bandwidth is ill-defined. But the level statistics seem to behave as in the present model [38, 39] . Also, one expects that S α should continue to behave as we predict here, for α not too small. Since our results seem to apply to free fermions, it should be possible to explore these effects out to much larger systems and later times. Supplementary Material for "Evolution of entanglement spectra under random unitary dynamics".
In this document we present additional data on the evolution of the entanglement spectrum in localized systems, the entanglement-energy dependence of the gap ratio, the variation of the entanglement DOS among different particle number sectors, and the reduced density matrix spectral form factors.
LOCALIZATION IN THE FREE-FERMION MODEL
In one dimension we expect a free-particle model (whether Hamiltonian or Floquet) to be subject to weak localization. Thus all eigenstates should be localized. Since the specific model we consider has only hopping randomness (via the random gates) and no on-site disorder, the localization length potentially has a critical divergence. This manifests itself as slow dynamics in the entanglement entropy. Our numerical evidence that the circuits are localized in the sense that the random-hopping model is localized: specifically, a generic autocorrelation function stays large at all times and saturates to a large nonzero value. Further, the approach to steady state is very slow (Fig. 5 ). We cannot distinguish between true localization and very slow relaxation; however, this distinction is immaterial for our purposes, since in either case the system is far from being conventionally thermal. The bandwidth grows rapidly then decreases much slower than in chaotic systems; S2 correspondingly grows much more slowly. (c) Spectral form factor at early times for this model, using lA = 6 and a fixed-number initial state, showing a clearly developed ramp. (d) Sample-averaged expectation value [ σ z 1 (t) ] dis. vs. time for an initial spin-↑ state. The average is over 500 samples, and the error bars are the statistical error 1/ √ 500 (since each sample contributes a value of order unity). (e) Histogram of σ z 1 (t) across 500 samples at two specific times. (f) Gap ratio r for fixed subsystem size lA = 4 as a function of full system size L, at various times. Note that when the full system is large, the gap ratio is nonmonotonic as a function of time.
A feature of note in this model is the evolution of the adjacent gap ratio r for subsystems smaller than the half-chain, at late times. It seems that r peaks around the time entanglement has spread through the full chain, and then gradually decreases at later times. Thus, even for a fixed subsystem size, the behavior of r is quite sensitive to the size of the full system. At present we do not understand the mechanism for this non-monotonic behavior.
MANY-BODY LOCALIZED MODEL
The free-fermion model exhibits some distinctive features, and it is natural to ask if these are also present in other localized models. To this end we consider the model in Ref. [17] , which was argued to be in the many-body localized phase for q = 2. This model consists of two types of gates: a gate that purely adds phases chosen in the interval [−φ, φ] in the Z basis, and a gate consisting of random single-site rotations. These gates are applied periodically in time giving rise to a Floquet system; the model has the nice property of having a controllable parameter φ, which tunes between decoupled and strongly coupled qubits. Note that the light-cone is slower in this model than in the others we have considered: specifically, v LC = t.
We find that the dynamics of the entanglement entropy for this model is consistent with localization; moreover, the ratio r behaves as it does in the other models discussed in the main text. Accounting for the fact that all timescales are doubled, r appears to saturate to GUE on the timescale we would have predicted from the other models (t 8). We have not seen any sign of non-monotonicity in the evolution of r for smaller cuts, however. While the ESFF clearly shows ramps in the conserving circuits, it is not clear on the logarithmic scale that these ramps are truly linear. To address this we have plotted the connected ESFF on a linear scale (Fig. 7) . In the case of a random initial product state the ramp is manifestly linear. For a fixed particle number (the case that gave Poisson level statistics) the linearity of the ramp is less manifest; however, the observed behavior is consistent with a linear ramp at early times with a slope that decreases at late times.
One might also wonder whether our results for the entanglement DOS in the conserving circuit, fixed-number case are qualitatively modified by averaging over different particle-number sectors. To address this we break out results by particle-number sector in the right panel of Fig. 7 . We find that the EDOS is qualitatively the same in different number sectors, though the entanglement bandwidth is largest for half-filling.
ENTANGLEMENT-ENERGY DEPENDENCE OF THE ONSET OF GUE LEVEL STATISTICS
A natural question about the entanglement level statistics concerns its behavior as a function of the entanglement energy. This dependence is illustrated in Fig. 8 . The essential trend is that GUE level statistics develops first in regions of high entanglement DOS (away from the edges of the entanglement spectrum) then spreads to the edges. In the random model the deviations are quite small even at the earliest times; by contrast the cases with a conservation law clearly show less RMT-like behavior at the edges of the spectrum. 
FURTHER RESULTS ON SPECTRAL FORM FACTORS
We now present further results on the reduced density matrix spectral form factor ρSFF (see main text for definition) and the connected ρSFF, for the random and conserving models. The connected and full versions are related by
By subtracting off the initial non-monotonicity, G c (θ) reveals more of the "ramp" regime in the form factor. First, Fig. 9 shows the behavior as a function of subsystem size, at a fixed late time t = 20. G c (θ) has a ramp-plateau structure in all cases, but in G(θ) the ramp is increasingly hidden at larger subsystems by the initial transient.
Next, we consider the conserving model. Figs. 10 and 11 show the behavior of the ρSFF for various subsystem sizes and various times. These data are for a random initial product state, i.e., not a number eigenstate. The behavior is essentially identical to that seen in the purely random circuit.
Finally, Fig. 12 shows the behavior of the ρSFF, as well as the entanglement entropy, for a specific state with fixed initial particle number, the Neel state. Even though adjacent level statistics is Poisson in this case, the ρSFF is sensitive to correlations beyond nearest-neighbor levels, and consequently develops a ramp-plateau structure.
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